MODULAR REPRESENTATIONS AND THE HOMOTOPY OF LOW RANK 

p-LOCAL CVF-COMPLEXES 



PIOTR BEBEN AND JIE WU 

Abstract. Fix an odd prime p and let X be the p-localization of a finite suspended CW-complex. 
Given certain conditions on the reduced mod-p homology Hf{X; Zp) of X, we use a decomposition 
of Q'EX due to the second author and computations in modular representation theory to show 
there are arbitrarily large integers i such that f2S'X is a homotopy retract of Q'EX. This implies 
the stable homotopy groups of T,X are in a certain sense retracts of the unstable homotopy groups, 
and by a result of Stanley, one can confirm the Moore conjecture for EX. Under additional as- 
sumptions on Hf{X; Zp), we generalize a result of Cohen and Neisendorfer to produce a homotopy 
decomposition of QTiX that has infinitely many finite _ff-spaces as factors. 



1. Introduction 

Finding homotopy decompositions of loop spaces is of sizeable and broad interest in homotopy 
theory. One of the most fundamental examples is Serre's odd p-primary decomposition fiS*^™ ~ 
g2m~i ^ fiS'^™'~^ [17], implying the p-components of homotopy groups for even dimensional spheres 
are determined by those of the odd dimensional spheres. Selick's odd p-primary decomposition [10] of 
the homotopy fiber for the p-power map $7^5'^^'+^ fl^S^''^^ allowed him to find the p-exponent 
of the spehere S^, and in combination with an odd p-primary decomposition of looped Moore 
spaces, one is lead to the computation for p-exponents of higher dimensional spheres (Cohen, Moore, 
Neisendorfer [314]). 

One would like to move beyond these initial successes, and find p-primary homotopy decompo- 
sitions of general iJ-spaces, or loop suspensions ftJ^X for X a CW^-complex in particular. Ideally 
such a decomposition would be in terms of indecomposable spaces, and one says that the decom- 
position is the finest possible. The decomposition problem has been tackled for particular spaces 
using prior knowledge of self-maps (see [8] for example) or universal properties of certain constructed 
i?-spaces [22] , using techniques related to the Ganea fibration [12] , and when localized at sufficiently 
large primes p [3 [TJ [21 [20] . Most progress to date has involved attempts at geometrically realizing 
some given coalgebra decompostion of the tensor algebra H^{ilI]X; Zjpj) ^ T{H^,{X; Z(p-f)). In this 
direction, Cohen and Neisendorfer [5], as well as Cooke, Harper, and Zabrodsky [6], extended Serre's 
decomposition to where X is a certain low rank CM^-complex, and in turn, Selick, Theriault, and 
Wu [m [161 US] further generalized this to when any simply connected co- iJ-space is taken in place 



Key words and phrases, loop space decompositions, finite CW-complexes, modular representations. 

1 



2 PIOTR BEBEN AND JIE WU 

of YiX . However, these decompositions were the finest possible only in a functorial sense, and unlike 
those of Cohen and Neisendorfer, they were not explicit constructions. The computation of the 
niod-p homology of the factors in the decomposition of Selick, Theriault, and Wu is dependent on 
open problems in modular representation theory, and as such these decompositions remain rather 
mysterious. 

Fortunately, there do exist fairly general decompositions that are also explicit. In [24] the second 
author constructed a homotopy decomposition of ilYiX whenever X is a suspension by analysing 
composites of James-Hopf maps and Samclson products. This turned out to be a partial geometric 
realization of the Poincare-Birkhoff-Witt coalgebra decomposition 

oo 

T(i?,(X;Z(p))) 5^ (g)5(L,(i7,(X;Z(p)))), 

1=1 

where Li{V) is the is the Zp-submodule of length i Lie brackets in V , and S{V) is the free commuta- 
tive algebra generated by V . Our main interest in this paper is to give more information concerning 
the factors in this decomposition, which is stated in Theorem (|5.ip . 

Fix p to be an odd prime throughout. We will be working with CM^-complexes that have been 
localized at p. A cell structure on a p-local space is taken to be in the p-local sense. As we will 
mostly be using reduced mod-p homology, it will be convenient to simply denote it by H^,{X) for 
any space X, without indicating coefficients. Our main result is as follows: 

Theorem 1.1. Let X he the p-localization of a suspended CW -complex. Set V — H^(X), let M 
denote the sum of the degrees of the generators ofV, and define the sequence of integers hi recursively, 
with bo — and 

b, = (1 + dimF)6,_i +M. 

Suppose either Vodd = or Veven = 0, and 1 < dim V <p. 

(i) // dim F < p - 1, then VLYI^'+^X is a homotopy retract of fl'SX for each i>l; 

(ii) if dim V = p, there exist spaces Yi such that ilEl^ is a homotopy retract offlYiX, 
and H^{Yi) = for i > 1. 

Remark 1.2. Notice the case dimV = p — 1 is missing in Theorem Proposition h5.2fl in 

Section ^ does not hold when AivaV = p — 1, while Theorem i5. 1]) would not be applicable even if 
it did hold. 

Theorem (jl.ll) will depend on some computational work dealing with representations of symmetric 
groups in Section ([2]), as well as Wu's decomposition (Theorem ()5.ip ). A consequence is that 
the stable homotopy groups of the spaces defined are, in a precise sense, retracts of their regular 
homotopy groups. This property leads us to a small application towards the Moore conjecture at 
the end of this paper. 
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For the case dim V — 2 we prove a stronger version of Theorem 11.11 We show the retracts in 
Theorem (|l.ll) are indeed factors in a decomposition of ilY,X, and that the connectivity of these 
factors grows at a slower rate. 

Theorem 1.3. Fix p > 5. Let X be any any suspended p-local CW -complex with dimV^ — 2, and 
either Vodd = or Veven — 0. Let M denoting the sum of the degrees of the two generators of V . 
Suppose < fci < fc2 < • • • is any sequence satisfying the following properties: 

(1) 2ki + 1 is prime to p; 

(2) 2ki + 1 is not a multiple of 2kj + 1 whenever i > j. 
Then there exists a decomposition 

ni:X ~ X (Some other space). 

3 

Another apphcation is to say a bit more about Cohen's and Neisendorfer's [5] decompositions 
involving low rank CW^-complexes. Recall this is an extension Serre's decomposition in precisely the 
following sense: 

Theorem 1.4 (Cohen, Neisendorfer) . Let X he p -localization of a suspended CW -complex. Set 
V ~ H^,{X), and assume Veven — 0, and 1 < dim < p — \. Then there exists a functorial 
decomposition 

m:X A{X) X Q.Q{X) 
such that A{X) is a finite H -space with 

H4A{X))^A{V) 

as primitively generated algebras, and 

oo 

H,{nQiX)) - S{[L{V),L{V)]) = (g)(5(i,(F))), 

1=2 

where L{V) is the free Lie algebra generated by V, and [L(V), L{V)] is the sub Lie algebra of L(V) 
generated by Lie brackets of length greater than one. □ 

From the perspective of obtaining finite iJ-spaces, we strengthen the above decomposition when 
dim V is even as follows: 

Theorem 1.5. Let X be the p -localization of a suspended CW -complex. Set V — Hf{X), and 
assume Veven = 0, 1 < dimT^ < p — 1, and dimT^ is even. 

Let M denote the sum of the degrees of the generators of V , and define the sequence of integers 
hi recursively, with Bq = and hi ^ (1 + dimV)bi^i + M . Then there exists a decomposition 

oc 

nj:X ^YIA{Y,'''X) x (5*07716 other space), 

i=0 



4 PIOTR BEBEN AND JIE WU 

where (as in Theorem il.4\ )) A{Y]'''X) is a finite H -space that is a homotopy retract of ilY,^''^^ X , 
with 

H,{A{Y}'^X))=K{Y}'^V). 
2. Preliminary 

In this section, and in Section ([3]), R denotes either the field Zp, or the ring of p-local integers Z^^j . 
The symmetric group on k letters is denoted by Sk, and R[Sk\ is the group ring over R generated 
by S)~. The sequence (ai,a2, • ■ • ,0^) is used to denote the permutation a e Sk satisfying a{i) = a^. 

Let V be any graded i?-module, and V®^ denote the fc-fold tensor product. Consider the (right) 
action of R[Sk\ on V'^^ that is defined by permuting factors in a graded sense. In this case, the 
action of a single element a G R[Sk\ on V®*^ induces a self-map 

y(^k ^ ytj^k 

which we also denote by a for the sake of convenience. More generally, when ji + J2 + • ■ • + ji — k, 
we have the natural pairing 

R[Sj,] ® R[Sj,] i?[5fc], 

which defines an action of R[Sj,] RiSj^] » • • • ® R[Sj,] on V^^. 

We will label by Sk and Sk the elements in R[Sk] defined as the sums 

Sfc = ^ sgn{a)a, 

= 0-- 

One sees that the action of Sk and Sk on V'^'' sends a tensor in V'^'' to a linear combination of all 
permutations of that tensor. In particular, for any xi (g) • • • a;fc G 1^®*^ and ct e 5*^, we have 

Skixa{i) ■ • • (X) a;cr(fe)) = sgn{a)sk{xi ig) • • • (g) Xk), 

when each Xi has even degree, and when each Xi has odd degree, 

Skixa{i) • • • (g) a;cr(fc)) = sgn{a)sk{xi g) • • • g) Xk)- 

An easy consequence is that Sk{xcr(i) g) • • • g) ^^(fc)) = if a;o-(i) has even degree and is a multiple of 
for some i ^ j. Likewise, s/c(a;o-(i) g) • • • g) a;o-(fc)) = if ^^.(j;) has odd degree and is a multiple 
of Xo-(j) for some i ^ j. We will make frequent use of these facts. 

The Dynkin-Specht-Wever elements /3k e Efe are defined inductively starting with /32 = 1 — (2, 1) 
and 

/3fc = (lg./3fc_i)(l-(2,3,...,fc,l)). 
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The action of Pk on V'^'' is given by sending a tensor xi ^ ■ ■ ■ ^ Xk £ V'^'^ to the commutator 

[xi,[x2,...,[xk-i,Xk]]---]] eV^''. 
That is, I32{x ® y) = x ® y ~ (-l)l^ll2'ly (g) x, and 

Pk{xk ®---®xi)^Xk® Pk-i^Xk-i ®---®xi)- (-l)l"^'='l'"'=-i®-®^il/3fc_i(xfe_i ®---®xi)®Xk. 

In the following theorem we define certain integers c„^f and which will be referred to through- 
out this paper. 

Theorem 2.1. There exist and integer c„ £ > such that for any graded free R-module V with 
dimV = l> I and Vodd = 0, and each x G we have 

(sf" ® 1) o o (sf " ® l)(x), = ±c„,,(sr ® 

On the other hand, if V^ven = 0, there exists an integer dn^i > such that 

(sf " ® 1) o /3,„+i o (sf " ® = ±d„,,(sf " ® l){x). 

These integers are independent of our choice of V . 

Proof. Let be a free graded i?- module such that i = dim V > 1 and Vodd = 0, and let g denote the 
self-map : — > y(^{ni+i) _ Take a basis oiV , and let y ^ vi®- ■ -^Vi & 

V®^, and Zi = y®" €3 G y®(ni+i) _ observe that Vodd = and I = dimV implies that for every 
X 6 Y^int+i) ^ write g{x) as a linear combination of the elements g{zi) for each i, and in turn 

each g{zi) is a linear combination of tensors c^iiy) ® ■ ■ ■ ®'Jn{y) for all choices of ci, a„ G S'„. 
Let 7 G be any element. Since the factor vi occurs in y, 

(1) go^iy^^®vi) = ±c^g{y®"®vi) 

for some integer > 0. If we let yj G V®^ be the permutation of the tensor y such that the first 
and j*'* factors are interchanged, it is clear that g o 7(2/®" ®Vj) — ±Cjg{yf" ® vj) for each j, as this 
is the same as replacing vi with Vj and Vj with ui in equation ([1]), and both ui and Vj have either 
even degree or odd degree. Then since s„(j/) = ±s„(yj) and Sn{cr{y)) — sgn{a)sn{y) for any a G S'„, 
5 o 7(CTi(y) (g) • • • (g) cr„(2/) (g Uj) = ±c^g o 7(0-1(2/) g) • • • g) cr„(y) g) Wj) for each j and cti, ...,cr„ G S'„. 
Since g{x) takes the form of a linear combination as stated above, thus 

gojog{x) = ±0^.5(2;) 

for any x G 

Next, let W be any free grade _R-module such that dimH^ — dimX^ and Wodd = 0. If {loi, 
is a basis of W, there is an isomorphism V W of ungraded i?-modules defined by sending Vi to 
Wj. Since both Wodd = and Vodd = 0, the isomorphism ""^^'^ y^r(g,{ni+i) ungraded 
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i?-niodules is equivariant with respect to the (graded) action of R[Sni+i]- Thus is independent of 
V. We finish by setting 7 — Pni+i, and c„_^ = c^. The proof for the Veven — case is identical □ 

The values for several instances of the integers Cni and dn^i are given in the following theorem. 

Theorem 2.2. 

(i) c^i = ^{t + mi - 1)!) for I > 1; 

(ii) Cn,2 = dn,2 = 3"/ 

Remark 2.3. Computer culculations suggest 02^3 = 64, ^2,3 = 32; €3,3 — 512, ^3^3 — 64; 02,4 — 420, 
c?2,4 = 900. Though computational complexity requires n and £ be kept small, by following the pattern 
one might guess that in general at least one of or dn,i is equal to {£ + !)"{{£ — 1)!)"- 



for any particular choice of graded free i?-module V satisfying £ = dim V > 1 and Vodd = 0, and any 
particular choice oi x G V satisfying (s£ (g) l){x) ^ 0. We actually work in a slightly more general 
context. We will show that this equation holds for any graded i?- module V as long as x is of the 
form Xk-i (X" ••• (E) xi ® Xi for some 1 < i < k — 1, and each Xi is a homogeneous element in V of 
even degree. This is done in Proposition p.Sp . together with an analogous calculation for di^g. 
The following elements in R[Sk\ will be of use: 



3. Calculating ci^i and du for £> I 



To show that ci,£ = {£ +!){{£ — 1)!), it will suffice to show 



{st ® 1) o o {st ® l){x) = ±{£ + !){{£ - ® l){x) 





where Tj,fe C consists of the k elements switching the position of the j letter: 



Tj,k = ,i- i,j + i,fc),(i,i,--- ,i- i,j + i,fc),--- ,j-i,j + i,fc,j)}. 



With this given, it is easy to see these elements satisfy the equations 



Sk = ii,k o (1 (8) Sk~i) = ife.fe o (sfc-i ® 1), 



and 



Sk = ti,k o (1 (g) Sk-i) = tk,k o (sfe-i (8) 1). 



We begin with a few lemmas. 
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Lemma 3.1. Let k > 2, and V be any graded R-module. Then for every y G V'^'^ 

Sk°Pk{y) = 0, 

and 

sk o Pk{y) = 0. 

Proof. It is sufficient to show the lemma holds for homogeneous elements in We proceed 

by induction. By inspection we have S3 (8) l^six) = for any x G y®3 j^g^ assume Sk-i o 
(ik-\{x) = for every x G Take any homogeneous element Xk <Si ■ ■ ■ ^ xi G V'^'' and let 

c = \xk-i <8) • • • (S) I . Then 

Sk o I3k{xk (g) • • • 0x1) 

= Sk{Xk ® l3k-l{Xk-l «i • • • 18) Xi)) - {-iy^'"'^Ski/3k-l{Xk-l 'Si ■ ■ ■ 'Si Xi) ^ Xk) 

= S Sk-i){xk (8) I3k-i{xk-i (8) • • • (g) xi)) 

- {-iy^'"'hk,kisk-i <8 l)(/3fc_i(a;fc-i (8 • • • (8 a;i) O Xfe) 
= h^kixk S (sfc_i o Pk-i)ixk-i ® • • • (8 xi)) 

- (-l)'='^'=life,fe((sfc-i o /3fe-i)(xfc_i ® • • • (8 xi) (8 Xfc) 
= ii,fc(0)-(-irl-'=ltfc,fc(0) 

= 0. 

The proof for Sk is identical. □ 

Lemma 3.2. Lei k > 2, and V be any graded R-module. Then for every y G F®*^ and each 
2><3<k, 

Sfeo(l®('=-j)®/3,.)(y)=0, 

and 

Sfco(l®('=-J)®/3,.)(2/) = 0. 

Proof. It suffices to show the statement holds for homogeneous elements in V®^ . Wc proceed by 
induction, using two inductive assumptions at each step. For our first one, assume that for each 
m,j such that 1 < j < m and m < k, and every x G v'^"\ we have 

s„o(l®(™-^-i)®/3,-+i)(a;)=0. 

We must show it also holds for m = k, and each 1 < j < fc. For our second inductive assumption, 
let us assume 

Sfco(l®('=-^-i)®/3,.+i)(2/)=0 
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holds for every y G V^^ and some j < fc — 1. The base case j = k — 1 follows by Lemma p.ip . 
Notice that by our first inductive assumption we have 

= tk^k{sk-i{xk ® • • • (8> Xj+2 ® fi]{X] (E) ■ ■ ■ (E> xi)) (g) Xj+i) 
= tk,kiOxj+i) 
= 0. 

Therefore 

= Sfe o ® l3^+i){xk • • • Xi) 

= Sk{xk ® • • • Pj + l{x.j + l • • • Xl)) 

= Sfc(xfc (8) • • • g) "X) (X) P]{xj • • • (g) xi)) 

- (-l)'''^^+''sfc(a;fc ® • • • ® a;j+2 ® ;3j(xj ® • • • (g) xi) ^ Xj+i) 

= Sk{xk ® • • • (g) Xj+2 ® Xj + l (g) /3j(Xj g) ■ • • (g) Xl)) 

= SkO (I^C^-J) g) /3^.)(a;fe g) • • • g) Xl), 

where c = \xk-i g) • • • g) xi|. This completes the induction step. The proof for Sk is identical. □ 

Lemma 3.3. Let k > 2, and V be any graded R-module. Take any homogeneous element y = 
Xfc gi • • ■ ® Xl S V^'^ . If \xi\ is even for each i, then 

[sk-i ® 1) o /3fc(y) = ih-i ® 1) o (l^C^-s) (g, ((1, 2, 3) - (1, 3, 2) - 2(2, 3, l)))(y), 
and if \xi\ is of for each i, 

{sk-i ® 1) o I3k{y) = (sfe-i 1) o (l®^^-^) ((1, 2, 3) + (1, 3, 2) - 2(2, 3, l)))(y). 
Proof. Let c = |xfc_i g) ■ • • g) Xi|. Assume jx^j is even for each i. Using Lemma (|3.2p 

Sfc_l(Xfc (g • • • g) Xj + i g) /3j_i(x-,_i g) • • ■ g) Xl)) = 

for each 3 < j < A:, so 

(sfc_i g) l)(xfe g) ■ • • g) Xj+i g) /3j(xj g) ■ • • g) Xl)) 

= {Sk-l g) 1)(xA: g) • • • g) Xj+1 g) Xj (g /3j_i(Xj_i g) • • • g) Xl)) 

- (-l)''''^'='(Sfe_i(Xfe g) • ■ • g) Xj + 1 g) ;3j-l(Xj_i g) • • • g) Xl))) g) Xj 

= (sfc-i g) l)(xfe g) ■ • • g) Xj+1 g) Xj g) /3j_i(xj_i ® • • • g) Xl)). 
Then by induction 

(Sfe_l g) 1) O /?fe(xfe g) • • • g) Xl) = {sk-1 g) 1)(xA: g) • • • g) Xj + i (g /3j(Xj g) • • • g) Xl)) 
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for each 3 < j < A:. In particular, when j = 3, the fact that 



^3(2^3 '»X2<E> xi) = ((1, 2, 3) - (1, 3, 2) - (2, 3, 1) + (3, 2, 1))(2:3 (g) X2 <E) Xi) 



imphes 



(sfe_i ® 1) o I3k{xk ® ■ ■ ■ 'S)Xi) 

= (sk-i 1) o (l®(fe-3) ® ((1, 2, 3) - (1, 3, 2) ~ (2, 3, 1) + (3, 2, l))){xk ■ ■ ■ ® xi) 

Since (3, 2, 1) is an odd permutation of (2, 3, 1) leaving the last letter fixed, 

(sfc_i 1) o (i®(fe-3) (3^ 2, l)){xk ® • • • ® xi) 
= -(sfe_i 1) o (i®(fc-3) ^ (2, 3, l)){xk • • • (g) xi). 

Hence 

(Sfe_i ® 1) O ^fc(xfc (g) • • • Xi) 

= (sfc^i 1) o (l®(fc"3) ^ ((^^ 2, 3) - (1, 3, 2) - 2(2, 3, l))(a;fc ® • • • ® xi). 
The proof of the second case, when the degrees of each odd, is similar. 



As an immediate consequence of Lemma (j3.3l) , we obtain the following lemma. 



Lemma 3.4. Take any homogeneous element Xk 



1 xi £ V^'^ . If \xi\ is even for each i, 



(sfc_i ® 1) o /3fc(xfc ' 



(s/c_i ® l){xk ® • • • ® if Xi = Xi for some i > 3 

0, i/ = X2 

3(sfc_i (g) l)(xfc g) • • • cci), if xi = X3 



Similarly, if \xi\ is odd for each i, 



[sk-i ®l)o I3k{xk ' 



(sfc_i (g) l)(xfe g) • • • g) Xi), if xi — Xi for some i > 3 
'2;i) = <0, j/a;i=a;2 
_3(s/c_i g) l)(a;/c g) • • • g) xi), if xi ^ x^ 

Proof. Suppose each Xi is of even degree, and xi = X3. By Lemma p.3p 



(sk-i g) 1) o g) • • • g) xi g) 2:2 g) xi) 

= (sfe_i l)(l«('=-3) ® ((1, 2, 3) - (1, 3, 2) - 2(2, 3, l))(xfc < 



) Xi g) X2 g) Xi) 
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{sk-1 l){xk ® ■ • • xi ® a;2 (g) xi)- 
{sk-i (K> l)(a;A; (8) • • • (g) a;i (g) xi (g) X2)- 
2(sfe_i (g) l){xk (g) • • • (g) 2:2 xi (g) xi). 



Notice that 



{sk-i ® l)(a;fc g) • • • fg) a;i (g) xi (g) X2) = 0, 
and since Sk-i{xk g) • • • g) 0:2 g) xi) — ~Sk~i{xk g) • • • g) xi g) X2), we have 

(sfc_i g) l)(a;fc g) • • • g) a;2 g) xi g) xi) = -{sk-i g> l)(a:fe g) • • • g) xi g) X2 g) xi). 

Therefore we have 

(sfc_i ® 1) o g) • • • g) xi g) a;2 ® xi) = 3(sfc_i ® l){xk ® • • • g) Xi g) 2:2 g) Xi) 

The proof for the rest of the cases is similar. 

Part (i) of Theorem (|2.2p follows from the following proposition. 



□ 



Proposition 3.5. Take any homogeneous element y = Xk-i ® ■ ■ ■ ® xi G V"^^ ^ , for V a graded 
R-module. If \xi\ is even for each i, then for each 1 < J < fc — 1 

{sk-i g) 1) o /3fe(sfc_i g) l)(y g) Xj) = k{{k - 2)!)(sfc_i g) l)(y g) xj), 

and if \xi\ is odd for each i, 

(sfc-i g) 1) o /3fc(sfe-i g) l)(y ® Xj) = fc((fc - 2)!)(sfc-i g) l)(y g) x^-)- 

Proof. For each 1 < j,n < fc — 1, let S*^'"]^ ^ "Sfc-i be the subset of all permutations a e Sk-i 
satisfying a{j) = n. Notice that 



and for m =/= n 



and 



= 0, 



Sk-i - {SI'-, U 5^1) = (fc - 1)! - 2(fc - 2)!. 
Let Aj denote the set Sk^i — {Sl'^i U Sl'^,). For each 1 < j < fc — 1 we can write Sk G Sk as 

Sfc = ^ sgn{a)a 

= sgn{a)a + sgn{a)a + sgn{a)a. 
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Notice that for every a E S^-i vfe have 



Sfc-iCT = sgn{a)sk-i. 



So for each a € -S^'^i, Lemma p.2p imphes 



{sk-i «) 1) o I3k{a{y) Xj) = 3(sfe_i ® l){<j{y) ® x^) 

= 3sfc-i(CT(2/)) a;^ 
= 3sgn{a){sk-i{y) ^Xj). 



Likewise Lemma p.2p imphes that for every a G Aj, 



(sk-i ® 1) o I3k{a{y) 'S)Xj) = sgn{a){sk^i{y) (g) Xj) 



and for every e 'S'^/_'!i we have 



(Sfc_l ® 1) o^fc(cr(y) ® Xj) = 0. 



Hence 



(sk-i •S) 1) o 13k \ ^ sgn{a)a{y) ^ ® Xj ^ ^ (sfc_i (g) 1) o /3fc(sgn(CT)CT(y) ® : 

= X! (3s5?^(o•)^Sfc-l(y) a^j) 
= 3(fc-2)!(sfc^i(y) 



Similarly 



(sfc_i (g) 1) o I ^ sgn(cr)cr(2/) I (g)Xj = ((fc-l)!-2(fc-2)!)(sfc_i(2/)g)Xj), 



and 



(sfc-i «) 1) 



sgn{(7)a{y) ® Xj = 0. 



o-es- 



■3.1 
fc-1 
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Putting these facts together, 

(sfc_i (g) 1) o (3k{sk-i ® l)(y ® Xj) 

= {sk-i ® 1) o I ^ sgn{a)a{y) | O a;^ 

= (sfc-i ® 1) o /3fe ^ sgn{a)a{y) + ^ sgn{a)a{y) + ^ sgn{a)a{y) ® Xj 
y^A, ,^sii, aesi'l, ) 

= {{k - 1)1 - 2{k - 2)\){sk-i{y) ® Xj) + + 3{k- 2)\{sk-i{y) ® Xj) 

= k{k - 2)!(sfe_i (8 l){y Xj). 

The proof for second part of the proposition is similar. □ 

4. Calculating c„,2 and dn,2 for n > 1 

Like in the previous section we will work in the more general context of graded ii-modules, and 
calculate c„,2 (and d„,2) by proving the equality (sf " 1) o/32„+i o (sf " l)(a;) = ±(3")(sf " 
holds for certain homogeneous tensors x whose factors are of even degree (or odd degree for the 
calculation of dn,2)- We begin working our way towards a proof of this starting with a few technical 
lemmas. 

Lemma 4.1. Let V be any graded R-module, and xi,X2 G V any homogeneous elements. Let 
(71, cTfe e S2 he any k > 1 choices of the two elements in S2 = {(12), (21)}, and take 



and 



(i) Suppose \xi\ and \x2\ are both odd, and let n>0 be the number of times Ui = ai 
for i > 1. Then 

-sT ° (1 ®/32fe-i)(y) = (-l)'=-^(-2)"(s2(x,,(i) €5x^,(2)))®'=. 
Furthermore, 

st o W2k-i ® i){z) = -{sT ° (1 ® P2k-l)iy)). 

(ii) Suppose \xi\ and \x2\ are both even. If (T2i = (Ji for some i, then 

o(l®/32fe-i)(y) = 0. 
Otherwise, if m>Q is the number of times (T2i+\ = <ti for i > 0, 

Sf' O (1 ® /32fe-l)(y) = (-2)™(3LtJ )(s2(x,^(i) X,,(2)))®'=. 
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Furthermore, 

o (/32fe_i ® l)(z) - (-I)HST ° (1 ® I32k^i){y))- 

Proof of part (i). With our choice of y G y^zfe (jggj^gfj the statement of the lemma, it will be 
convenient to let y' e y®2/£-3 (jg^Q^g (a:^CTfc_i(i) <8> ■ • ■®x„^(2) ®Xai(2)) - that is, the tensor of the last 
2k — i factors of y. Also, let n' be the number of choices of i such that 1 < i < A: and (Ji — ai, and 
n be the number of choices of i such that 1 < i < fc and Ui = (Ti . 

Part (i) holds for k ~ 2 hy inspection. Assume it holds for some fc — 1 > 2. In particular, our 
inductive assumptions are 

(2) {sT-^mu-z{v') ® 0:^,(1)) = -(s-f ® /32fe-3(2;')), 
and 

(3) (.-f ®/32.-3(y')) = (-l)'=-^(-2)"'(.-2(x.,(i) ® :r.,(2)))«'=-^ 
Noting xi and X2 are of odd degree, one has the following equality: 

(4) {\ ® I32k-i){v) = ® ® fi2k~2{xa^(2) ® ■ ■ • ® a^<T2 (2) «> (2) ) 

- ® ^2^-2(2;^^ (2) ® ■ ■ ■ ®x„^(2)® a;<Ti(2)) ® a:^<Tfc(i) 
= a;<^^(i) ® x^^(2) ® P2k-i,{y') 

+ a^<Ti(i) ® l^2k-d{y') ® x^^(2) 

- 2^^1(1) ® a;^fc(2) «) f32k~3{y') ® a;^fc(i) 

- ® P2k-'i{y') ® x„^(2) ® a:^(Tfc(i)- 

Let us assume ai ^ (Tk- Then a;crfc(2) = Xa-^(i), Xc^[i) — a:^CTi(2)- We replace Xc^[2) with ^^^(i), and 
X(7k{i) with a:^CTi(2) in equation (jH). Since 52(2^0-1(1) "X) 2^(71(1)) = 0, and using equations (|1]) and ([2]), 

(s-f )o(l0/32fe-i)(y) 

= S2{xa,(i) «) a;<,i(2)) ® (sf ''"^)(a;^i(i) ® /32fe-3(2;')) 

- S2(a;<,i(i) «) a;oi(2)) ® (sf ''"^)(2:<ti(i) ® l32k-3{y')) 

- isf''~^){Xa,{l) <E> P2k-3{y')) S2{Xa^il) <® X„^^2))- 
= -isf'"^^)iXa,il) «) I32k-3{y')) ® S2(x^i(l) (g) X^,(2))- 

Then by equation ([3]), 

(sf) O (1 ® /32._l)(y) = -(-l)'=-2(-2)"'(s-2(Xo,(i) X<,,(2)))«^ 

and since our assumption is that ai ^ ak, then n' = n, and so we are done. 
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Next, let us assume Ui — af;. Then Xcr^(i) — ^^^.^(i), and a;o.j.(2) — Xai{2)- Thus we replace x^r^^i) 
with x^^(^i) and X£rj.(2) with x„^i^2) in equation 1^, and using the fact that S2(a;cri(i) ® x^j^^i)) — 0, 
we obtain 

(5) (sf '=) o (1 ® /32fe-i)(2/) = -S2(a:,,(i) a;,,(2)) «> sf^-\l32k^3{y') ® 

= S2(x^i(i) a;ai(2)) «) sf ''"^(a;<Ti(i) ® /32fc-3(2/')) 

- sf''-\x„^(^i) (g) p2k-3iy')) (-S2(a;^i(i) ® 2:^1(2))) 

So by equation 

(s-f ) o (1 ® /32fe„i)(y) = 2(-l)'=-2(-2)"'(s-2(a;^,(i) ® x.,(2)))®'= 
= (-l)'=-i(-2)"'+\s-2(x.,(i) 0a:<,,(2)))«^ 

Since ai = Uk, then n' + 1 = n, and we are done. 
To complete the induction we have to show 

sT o (hk-i ® i){z) = -{-sf^ O (1 ® P2k-l){y)), 

where z is as defined in the statement of the lemma. Having found (sf*^) o (1 (g) j32k-i)iy) above, 
this is the same as proving the equality 

sf ' o (/32fc-i l)(z) - (-l)'=(-2)"(s2(x,,(i) ® a:., (2)))®". 

Thus we follow a similar argument for z as we did for y above. First, since z = a;o-^(i) O x„i,(^2) €5 

y' ® Xai(l), 

(6) (/32fc-i ® l)(z) = a;<x^(i) ® x^^(2) /32fc-3(y') ® 

+ ® P2k^3{y') «) a;^j^(2) a:<^i(i) 

- 2;ffj^(2) ® P2k-3{y') ® x„^(i) ® 
-/52fe-3(y') <8)a;<^fc(2) ^a;^j^(i) (8)a;„^(i). 
As before, let us first assume <Ji ^ Uk- Then 

{sT) ° (/32fe-i ® l)(y) = (-S2(a:,,(i) ® a;,,(2))) ® sf'^-'(/32fe-3(2;') ® 

- (sr"^)(a;„i(l) ® /32fe-3(y')) ® {-S2{Xa^(l) ® X^,(2))) 

- {s1^-^){P2k-3{y') ® ® (-S2(X^,(1) ® X„^(2)))- 

So by equations ^ and ([3]), 

(sf ) o (/32fe_i ® l)(y) = (-l)^(-2)"'(s2(x„,(i) ® x,,^2))r\ 
and since we are assuming cti ^ ak, then ?i' = n, so we are done. 



MODULAR REPRESENTATIONS AND THE HOMOTOPY OF LOW RANK p-LOCAL CVK-COMPLEXES 15 

Next, assume cti — (Tu- By equation ^ 

{sT) ° {hk-i ® l)(y) = S2(a^ai(i) ® a;ai(2)) ® sf''-\(32k-3iy') ® •^^^1(1)) 

+ sf'"-\x^,^r) «) kk-iiy')) ® (-S2(a;<xi(i) ® 2^^1(2))), 

and so using equation (jSj we obtain 

(s-f ) o (/32fe_i ® l)(y) = (-l)'=(-2)"'+i(s-2(x.,(i) a;^,(2)))®^ 

Since CTi = fffc, then n' + 1 = n . This completes the induction for part (i). □ 

Proof of part (ii). We foUow afong a similar line as the proof of part (i), with y G V®"^^ and y' S 
y(^2k-3 defined as before (but this time with xi and X2 having both even degree). Let m! be the 
number of choices of i such that 1 < 2i + 1 < A; and tT2i+i — ui, and m be the number of choices of 
i such that 1 < 2i + 1 < fc and cr2i+i = ci. 

Part (ii) holds for fc = 2 by inspection. Let us assume part (ii) holds for some k — \ > 2. In 
particular, our inductive assumptions are as follows; first, 

(7) (sf -i)(/32fc-3(2/') ® ^..(1)) = {-lf-'{sT-'){x^,ii)® hk-:^{y')\ 
and whenever ui = U2i for some i such that 2i < fc, we have 

(8) (sf-i)(a;^,(i)®/32fc-3(y')) = 0. 
Otherwise, 

(9) (sf -i)(x.,(i) ®/32fc-3(y')) = (-2)'"'(3L^J)(s2(a:.,(i) ®a;.,(2)))^'=-^ 
Next, observe the following equality: 

(10) (1 ® P2k-i){y) = a;<Ti(i) ® (32k-2{xa^{2) ® • • • ® a;^^ (2) a;ai(2)) 

- a;<Ti(i) ® ^2fe-2(a;^fc(2) «>•••«' 2^^2(2) ® 2:^1(2)) ® 2^0-^(1) 
= a;^i(i) (g) » a;^j^(2) ® hk-ziv') 

- Xa^(i) ® x^^(i) (g) P2k-3{y') ® a;^fc(2) 

- a;<Ti(i) ® 2;^fc(2) ® f32k-3{y') ® 2:^^(1) 
+ 2;<Ti(i) ® P2k-z{y') ® x„^{2) ® 2;^fc(i)- 

Let us assume <Ji ^ Ok- Then 2;o-;.(2) = x„^(^i), x„i_(i) = x„^^2), and so we replace Xaf,(2) with Xcri{i), 
and 2;o-j.(i) with Xo-i(2) in equation (fTO)) . Since 52(2:0-1(1) ® Xa^(i)) = 0, 

sf''(2;^i(i) ® x^,(i) ® hk-ziy') ® x^^(i)) = 0. 
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Therefore by equations (|10l) and ([7]) we have 

(11) (sf )°(lS5/32fe-i)(y) 

= S2(x^i(i) <E) 2:^1(2)) <E) (sf''"^)(a;<,i(i) /32fe-3(y')) 
+ S2(x<,,(i) (g) a;^,(2)) (g) (sf '=-^)(/32fe-3(2;') ® 
sf'=-i)(a;^^(i) ® ;32/c-3(y') ® (-S2(a;^i(i) «'a;al(2)))■ 
= (1 - (-1)'=-1)S2(X,,(1) (g a:,,(2)) ® (sf (g /32fe-3(y')) 

+ (sf ''"^)(a;^i(i) ® /32fc-3(z/')) «) S2(a;<xi(i) ® a;^i(2))- 

Now suppose <72i — o"! for some 2i < k. Then (sf'^~^)(a;cri(i) g) /32fc-3(y')) = by our inductive 
assumption, and so 

(Jf )o(l®/?2,^i)(2/) = 

by equation (fTTj) . On the other hand, suppose (T2i 7^ cri for aU i. RecaU ni' is the number of choices 
of i such that 1 < 2i + I < k and (J2j+i cij and m is the number of choices of i such that 
1 < 2i + 1 < k and 0-21+1 = cti- By equation ([5]) 

^ (1 - (-l)'=-i)(-2r'(3LVJ)(j,(^^^(^^ ^^^^(2^))^'= 

+ (-2)"' (3L^J)(s2(a:.,(i) 0x^,(2)))^'= 
= (2 + (-lf)(-2r'(3L^J)(s2(x.,(i)®x.,(2)))«^ 

Since cti cifc, m' = m. So when A: is odd, [^J = [|J , and (2 + (-1)'=)(-2)™'(3Lt^J ) = 
(-2)™(3LtJ). Likewise, when A: is even, (2+(-l)'^')(-2)'"' (3 L^^J ) = 3(-2)'"(3Lt-^J ) = (-2)™(3L4J). 
So in any case 

(sf ) o (1 /32fe-i)(y) = (-2)™(3 )(s2(x,,(i) a;^,(2)))®'=. 

This finishes the the case cri ^ Ok- 

Let us assume ci = a^. Then we have — ^^^(i), and a;crj.(2) — x„^(2)- So replacing 

2^(Tfc(i) with Xo-i(i) and a;CTfc(2) with a; 0-1(2) in equation ((TU]), using equation ([7]), and the fact that 
S2(a;(Ti(i) (g 2^0-1(1)) = 0, one obtains 

[s®^) o (1 ® /32fe-i)(y) - -(-l)''^-^S2(a;oi(i) ® a;„,(2)) ® sf (g /32fe-3(y')) 
+ sf '=-i(x„i(i) ® /32fc-3(y')) ® (-S2(x^,(i) (g) a;o,(2))). 

Suppose (Ji = cr2i for some choice of i such that 2i < fc. Then sf'^^^(a;cr^(i) ® jiik-?,{y')) = by 
equation ([5]), and so 

(sf )o(l0/32fe_i)(y) = O 

using equation ([5]). 
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Suppose (Ti ^ a-ii for all choices of i such that 2i < k. Then by equations ([SJ and ([5]), 
(12) (Jf ) o (1 ® = ((-1)^- - l)(-2)™'(3L^J)(J2(a;.,(i) ® :r.,(2)))^^ 

Since we are assuming cti = Cfe, by the statement of our lemma one would expect that (s^*^) o (1 (g) 
hk-ijiy) = whenever k is even. By equation (jl2p this is indeed the case. On the other hand when 
k is odd, since cti = Cfc we have to = m' + 1, and therefore by equation (|12l) 

(sf^) o (1 S5 /32fe-i)(y) - (-2)™(3WJ )(s2(x,,(i) a;,,(2)))®^ 

This finishes the ai = ak case. 

To complete the induction we have to show 

Sf O (/32fe-l ® l)(z) = O (1 ® /?2fe-l)(y)) 

(where z is defined in the statement of the lemma), as an equality of this form in equation ([7]) is 
assumed in our induction step. Having found (sf^) o (1 ® /32fe-i)(y) above, this is the same as proving 
the equality 

o (/32fe_i ® l)(z) = (-l)'=(~2)™(3LiJ)(s2(a;,,(i) 0x^,(2)))®'=. 

Here we have z = ^^.^(i) (g) x^^i^2) y' ^ Xcri{i), whereas before y = ^^.^(i) ® (g) x„^(^2) "X) y' ■ 

None-the-less, an argument similar to the one above shows that this equality is correct. □ 

The following is a consequence of Lemma (|4.1I) . 

Lemma 4.2. Let V be any graded R-module, and xi,X2 G V any homogeneous elements. Let 
(Ti, ...,(Tfe e 5*2 be any k > 1 choices of the two elements in S2 ~ {(12), (21)}, and let 

y = i^-Jkii) ® a;^fc(2) «) • • • x<,,(i) ® x„^(2)) ® 2:^1(2) G F®^^-!. 

(i) Suppose \xi\ and \x2\ are both odd, and let n > be the number of times (Ji = ai 
for i > 1 . Then 

(sf -1 ® 1) o P2k-i{y) = {-lf-\-2r{-s2{x.,(i) ® x,,(2))r^-' ® x,,(2y 

(ii) Suppose \xi\ and \x2\ are both even. If cr2i = Ui for some i, then 

(sf-i®l)o/32fe_i(2/)=0. 

Otherwise, if m > is the number of times (J2i+i = Ci for i > 0, then 

(sf -1 ® 1) o P2u-i{y) = (-l)'=-i(-2)'"(3LtJ )(s2(:e,,(i) ® x,,(2))r''-' ® x,,^2). 

Proof of part (i). Part (i) holds for A: = 2 by inspection. For our inductive assumption, assume part 
(i) holds for some fc — 1 > 2. Let y be a choice of tensor as defined in the statement of the lemma, 
and for convenience let y' ~ Xcr^_^{i) ® x^^_^(2) ® ■ • ■ ® a^craCi) ® ^^2(2) ® ^01(2) G \/®2fc-3^ Lg|. ^ |-,g 
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the number of times a.^ = ai for 1 < i < k, and n' be the number of times cTj = ai for 1 < i < k. 
Note the following equality: 

(13) {p2k-i){y) = ® x<,,(2) ® /32fc-3(2/') 

Let us assume Uk 7^ ci, so we can replace x„^(2) with 2^0-1(1) and x„^(i-^ with a:^ 0-1(2) in equation (jl3l) . 
In this case, observe that the factor a; 0-1(2) occurs more often than the factor 2:01(1) in the tensor 
a;<Tfc(i) ® y' , thus 

Also, if (Ti ^ (J2i for all 1 < 2i < fc, then by our inductive assumption 

{s^-^ ® 1) o/?2.-3(2/') = (-l)'-'(-2)"'(s2(xoi(i) ®a:oi(2)))^'-' ® 2:01(2), 
and by Lemma (|4.ip . 

(s-f -^)(/?2fe-3(2;') ® 2:01(1)) = -(s-f -')(:roi(l) ® /32fe-3(2;'))- 

Therefore, by equation (fTS]) 

(s2®'=-i®l)o(/?2,-i)(y) 

= (-l)''-2(_2)"' 53(2:01 (2) ® 2oi(i)) (8) (^2(2:01(1) ® 2:01(2)))®''"^ (8) a;oi(2) 
= -(-l)^-2(-2)"' (52(2:01(1) ® 2:01(2)))®'=-^ ® 2:01(2). 

Since 7^ ci, n = n', and we are done. 

Next we assume cr^ = (Ti. Replacing 2:0^,(1) with 2:01(1) and 2:03(1) with 2:01(2) in equation (|13p . 
the factor 2:01(2) occurs more often than the factor 2:01(1) in the tensors 20^(2) <8) y' and y' ® 2:oj.(2), 
implying sf '="^(2:0,(2) <E) Ii2k-s.{y')) = 0, and fi'"^{P2k-3{y') ® 20,(2)) = 0. Also, by Lemma gl]) 

(^T"')(^..(i)®/32.-3(y')) = (-l)'-'(-2)"'(.-2(xoi(i)®2oi(2)))®'=-^ 
Following along a similar line as the previous case, 

(S2®'=-1 ® 1) O (/32fc-l)(y) = 2(-l)'=-2(-2)"'(s2(2oi(l) ® 2:01(2)))^'=-' ® 2oi(2). 

Because we are assuming cr/c 7^ (Ti, then n = n' + 1, and so 2(— 1)'^^^(— 2)" = (— 1)''^^(— 2)". This 
completes the induction. □ 
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Proof of part (ii). The structure of the proof is similar to that of part (i). Here, part (ii) holds for 
k — 2hy inspection, and our inductive assumption is that it holds for some fc — 1 > 2. Let y and y' 
be as in the proof of part (i), and let m be the number of times (J2i+i — for < 2i + 1 < fc, and 
m' be the number of times <T2i+i = (Ti for < 2i + 1 < fc. Note the following equality: 

(14) (/32fc-l)(y) X„^(i) ® X^^(2) ® P2k~3{y') 

-x„^(i) (E> (32k-3{y') ®a;oj^(2) 

- Xaki2) » /32fc-3(y') ® Xofc(l) 
+ /32/c-3(j/') <8)X<^j^(2) (^X„^(^i). 

Let us assume (Jk 7^ cri, so we replace a;(T^(2) with ^^^(i) and a;(j^(i) with a;(ji(2) in equation (|14p . 
In this case, observe that the factor Xcti(2) occurs more often than the factor Xo-i(i) in the tensor 

Xa^il) ®y', thus 

5f"'(2^^.(i)®/32fc-3(2/')) = 0. 
Also, if CTi ^ (T2i for all 1 < 2i < fc, then by our inductive assumption 

(15) {st-^ ® 1) o /32fc-3(2/') = {-lf-\-2r\-i\-'^\){h{x,,ii) ® x,,^2))r^-' ® a;^,(2), 
and by Lemma (|4.1I) . 

(16) (sf -^)(/32fc-3(y') ^ x.,(i)) - {-ir-Hsf~'Kx,,^,) ® /32.-3(2/')) 

= (-l)'=-i(-2)"'(3L^J)(l2(xo,(i)®a;o,(2)))^'=-^ 

Therefore 

{sf'-' 1) o (/32fe-i)(2;) - (2(-l)'=-i - 1)(-2)"'(3L^J )(s2(.To,(i) <E> x,,^^)^^-' ® x,,^2)- 

When fc is even, [|J = [*;^J+land (2(-l)'=-i - 1) = -3 = (-l)'^-i3; when fc is odd, [|J = [^J 
and (2(— 1)*^'^^ — 1) = 1 = (—1)'''^^. Since ak (Ji, m ~ m' , and we are done. If <ti — a2i for some 
1 < 2i < k, both equations (|15p and ([T6| are zero by our inductive assumption and Lemma (|4.ip . 
and so (Jf-i®l)o(/32fe^i)(y)=0. 

Finally, let us assume Cfe = cri. Replacing ^^^.(i) with ^^^(i) and x^^^i) with a;oi(2) in equation (jl4l) . 
notice that the factor a; 0.^(2) occurs more often than the factor 2:^^(1) in the tensors a;crj.(2) ® y' and 
y' (E>x^^^2), so sf''-\x^^^2) ®l32k-z{y')) = 0, and sT~^{P2k-?,{y') ® x„^(2)) = 0. The rest being 
similar as before, we have (sf'^^i (g) 1) o (/32fc-i)(2/) = when 

fi = o'2i for some 1 < 2i < fc, and 

(sf ® 1) o {(32k-i){y) = {{-If-^ 1)(-2)™'(3L^J )(s2(x,,(i) a:,,(2)))®'^-^ ® Xo,(2). 

whenever cti 7^ (T2i for all 1 < 2i < fc. When fc is even, by the statement of the lemma one 
would expect this equation to be zero, as we are assuming dfe ^ (Ti- This is in fact the case since 
((— 1)'^^^ — 1) = whenever fc is even. On the other hand, when fc is odd we have [-IJ = [■^^J and 
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induction. 



1) — —2 — (—1) (—2). Also, because ak — ui, then m — m' + 1. This completes the 

□ 



Part (ii) of Theorem (|2.2|) follows from the following proposition. 

Proposition 4.3. Let V be any graded R-module, and Xi,X2 G V any homogeneous elements. Let 
CTi, ...,CTfc G iS'2 be any k > 1 choices of the two elements in S2 — {(12), (21)}, and let 



y = (a^<T,(i) ® 2:^,(2) 



2(1) ®2:„2(2)) ® X<^i(2) G V 



®2k-l 



(i) //|a:i| and \x2\ are both odd, then 

(sf -1 ® 1) o P2k-i o (sf '^-i l)(y) = ±3'^^i(sf -1 ® l){y). 

(ii) //Ixil and \x2\ are both even, then 

{sf^-' ® 1) o P2k-i o (sf -1 ® l)(j/) = ±3^-i(jf -1 ® 1)(2/). 

Proof. Without loss of generality assume cti = (21) (so — X2 and a;(ji(2) = a^i), and take the 

tensor 

X = (xi ^ X2f'''^ ^ xi e V^^''-\ 

Notice that {sf''~^ (g) l){y) = {sgn{a2) ■ ■ ■ sgn{ak)){sf''~^ ® l)(a;) when xi and X2 have odd degree, 
and (sf^'-^ (g) 1)(2/) — {sgn{a2) ■ ■ ■ sgn{ak)){sf''~^ (8) l)(a;) when xi and X2 have even degree. Since 
{sgn{a2) ' • ■ sgn{ak)) = ±1, it is sufficient we prove that the proposition holds for x in place of y. 
In this case, for any collection cti, ak-i G S2 we shall write {{xa^_i{i) <8) 2:5^. ^(2)) (8) ■ • • eg) (a;g.j(i) 18) 
2;5-i(2))) (8) as (o-fc-i (g) • • • (g) ai (g) l)(a;) for short. 
Assume xi and 0:2 have odd degree. Then 



(17) 



(.-f-i®l)(a;) 

= X! (sgn(CTi) • • •s.gn(o-fc-i))(a-fe-i 
/ 

E (-i)"('?fc-i 



E 

n=0 



• ® CTi ® l)(x 

\ 

'CTi (g) l){x) 



\ai^{21) for n choices of i 



Also, by part (i) of Lemma (|4.2p . 

(sf^-i 1) o /32fc_i((o-fc_i ® • • • (g) CTi l)(a;)) 

= (-l)'=-i(-2)"(s2(xi 00:2))®'=-' «>a;i 
= (-l)'=-i(-2)"(.sf'=-^®l)(x) 
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whenever (7^ — (21) for exactly n choices of i. Since each ct^ can either be (12) or (21), there are ('^~^) 
choices of ai, ak-i G 5*2 with the property that ai — (21) for exactly n choices of i. Therefore by 
equation (fT7|) 



(sf-i®l)o/32fc_io(sf-i®l)(a;) 
/ 



k-l 



ri=0 



(2")(.-f-i®l)(x) 



cri,...,crfc_ie52- 
— (21) for n choices of i 



where the last equality follows by the binomial formula. 

On the other hand, assume xi and X2 have even degree. Then 



/ 



(jf-i0l)(:r)=E 



E 



— (21) for m choices of i 



) CTi (8) l)(a;) 



By part (ii) of Lemma (|42)) . if cr2i: = (21) for some i, (sf" ^(g)l)o/32fc-i((CTfe_i®- • -(gjtTi® l)(a;)) = 0. 
Otherwise if d'2i+i = (21) for exactly m choices of i, then we have 

{sf''-^ (g) 1) o /32fe_i((g-fc_i • • • (g) 0-1 l)(a;)) 
= (-l)'=-i(-2)'"(3L*J)(sf'="i ® 1)(:e). 

So because there are choices of (Ti, ...,ak-i & 5*2 with the property that (T2i+i — (21) for 

exactly m choices of i, and fT2i 7^ (21) for each i, then 



(sf'=-i®l)o/32fc_io(sf-i®l)(a;) 



(-i)'=-i(3L§J; 



m=0 



(-l)'=-i(3L4J )(3LVJ )(sf-i l)(x) 
(-l)'=-i(3'=-i)(sf-i®l)(a;). 



where again the last equalities follow using the binomial formula. 



□ 
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5. Geometrically realizing Theorem (|2.ip 

Let X to be the p-localization of a suspended CM^-complex of finite type. Denote the reduced 
Zp-homology of X by V. The fc-fold self-smash of X is written as X'-''\ is also the p-localization of 
a suspended CVF-complex of finite type, and its reduced mod-p homology given by 

Fix an element a e Zp[Sk]. The action of Zp[Sk] on F®*^ induces the self-map F®'^ 
Note X^''^ is a suspension since X is one as well. By permuting factors of the smash product and 
taking co- -ff-space sums, one constructs a self-map X^'^^ X^'^^ with property that {fa)* induces 
Y»k mod-p homology. We will denote the mapping telescope 

^(fe) Jj^ ^{k) Jz^ ... 

by T(fa-). If (T G Zp[Sk\ happens to be an idempotent, (1 — cr) G ZplSk] is also an idempotent 
orthogonal to cr. We have isomorphisms 

H,{T{h-a)) ^ /m((l - a) : V^'' — > 
and the canonical inclusions 

induce the respective projections maps on mod-p homology. Then the composite 

X« Xt'^) V Xt'^) 'i^^ T(^) V T(/i_,) 

induces an isomorphism on mod-p homology. Since X^'^'^ is the p- localization of a finite type CW- 
complex, this composite is a homotopy equivalence. In particular, the inclusion li is a honiotopy 
retraction, and its right homotopy inverse T{fa) X'-'^^ can be chosen so that the composite 
j^ik) rj^^j^-^ ^{k) ig Nomotopic to fa. 

It is a well known fact that PkPk = k(3k G Zp[S'fe] [18l [23], and as such -^/Sfc G Zp[S'fc] is an 
idempotent whenever k is prime to p. By taking mapping telescopes, one has T{fp^) a honiotopy 
retract of X'^^'^ when k is prime to p. We shall denote T{fp^) by Lk{X). The mod-p homology of 
Lk{X) is the image of V®'^ y^k^ j-j- submodule of length k Lie brackets in 1/®'=, and 

is denoted by Lk(V). These spaces Lk{X) turn out to have some significance, as is apparent in the 
following homotopy decomposition (see |24) ) . 

Theorem 5.1. Let X he as above, and let 1 < ki < k2 < ■ ■ ■ be any sequence satisfying the following 
properties: 

(1) ki is prime to p; 
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(2) ki is not a multiple of kj whenever i> j. 
Then there exists a homotopy decomposition 

flT,X ~ J^r2I]Lfe^(X) X (Some other space), 
j 

□ 

The factors in this decomposition are of direct interest to the homotopy theory of Ideally, 
these factors can be broken down into more familiar spaces. Since Lk{X) is a homotopy retract of 
one can start by searching for splittings of X^'^^. A comprehensive look at the finest possible 
2-primary splittings of X^'''> for X a 2-cell complex can be found in [15]. 

In the following theorem we give criteria for the existence of a certain homotopy retract of 
Lne+i{X). 

Proposition 5.2. Fix n > and i > 1 such that n£ + 1 is prime to p, and take the integers Cn^i 
and dnj in Theorem V2.1\] . 

Let X he as above, and suppose dim = £ > 1 (where V denotes ). Let M denote the sum 

of the degrees of the generators of V . If c„.e is prime to p and Vodd — 0, or dn,e is prime to p and 
Veven = 0, then 

(i) there exist a space Y that is a homotopy retract of Lne+i{X), and H^iY) = 

(ii) if £ < p ~ 1, then is a homotopy retract of Ln£+i{X). 

Proof of part (i). Recall the elements s^, si e "LplS^] defined in Section If Veven — Oj lot si — si 
and assume c = c„^f is prime to p. Otherwise if Vodd = 0, let s^ = S£ and assume c = is prime 
to p. We have self-maps X(^) ^ X(^) and inducing V^*^ ^ V^^ and 

Y®{ne+i) Y0{ne+i) mod-p homology. Consider the composite 

where 1 is the identity map on X, and fst is the n-fold self-smash of fsf On niod-p homology g 
induces 

Let T{g) be the telescope of g. By Theorem (|2.ip . 

(18) (sf " ® 1) o /3„,+i o (sf " ® 1) = c(sf " ® 1). 

Thus g^ o g^, = c{g^,). Since c is prime to p, this implies H^{T{g)) = Im{g^:). Notice Im{g^) C 
/m(sf" (g)l), and Im{{sf"^ (E)l)og^) C Im{g^og^) = Im(g^). By equation Im{{sf"^ (E)l)og^) = 
Im{c{sf" ® 1)) = /TO(sf " 1). Therefore Im{g^) = /m(sf " 1). Also, /m(sf ") is a submodule of 
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y®"^ with dimension 1, whose single generator has degree nM. So Im{sf" (g) 1) = as graded 

Zp-modules, where E"^F is the nM-fold suspension of the graded Zp-module V. Hence 

H4T{g)) ^ Im{g,) ^ S"^y ^ 

Let us also consider the composite 

^ - 5) : V --^^ V 

where tp is the pinch map, c is the degree c map on —9 is the composite of g and the degree 

— 1 map on X^"'^~^^\ and V is the fold map. On mod-p homology we have = c — g^, and c is prime 
to p. Since g*o g* = c{g.t), this implies Im{h^^) = — Im{g^)) and Im{g^) D Im{ht:) = 0. 

Therefore splits as a sum of Zp-submodules Im{gt) © Im{ht). Notice that 

Koh* = {c- g^) o (c - 5,) = - 20(5*) + (51* o g^) =(? - 1c{g^) + c{g^) = c{K), 

so taking the telescope T(h), we have Ht,(T{h)) = Im{ht,). Thus we have the following splitting of 
graded Zp-modules, 

= = Im{g,) © 7m(/i*) ^ H*{T{g)) © H,{T{h)). 

As the inclusions r(.9) and -^^ r(ft) induce projections ot Im{g^) and /to(/i*) 

isomorphically onto H^,{T{g)) and H^{T{h)) in mod-p homology, the map 

induces an isomorphism on mod-p homology. Since is the p-localization of a finite type 

CW^-complex, / is a homotopy equivalence. 

Let : T{g) V T{h) — > denote the inverse homotopy equivalence of /. Since / o : 

Xine+i) — J. j^(n£+i) jg homotopic to the identity, and T{g) maps Im{g^) isomorphically 

onto Ht,{T{g)) on mod-p homology, the composite 

Kg : T{g) Tig) V T(/i) ^ 

maps H^{T{g)) isomorphically onto Im{gt,) in mod-p homology. Also, since ni + 1 is prime to p 

and [3n(+i o l3„t+i = {n£ + l)/3„^+i, ;j;^/3„£+i € Zp[5„^+i] is an idempotent. So the inclusion 
Xint+i) 7'(//3„f+i) = Lne+liX) is a homotopy retraction, and we can take some left homotopy 
inverse k such that Lni+i{X) is homotopic to 

Now consider the composite 

a : Tig) ^ ^ L^e+iiX) ^ ^ 7(5). 

Recall = /3„£+io(,s®"(g)l) by definition. Then on mod-p homology k^o/,^ sends /m(g*) surjectively 
onto /3„^+i(/m(.g,)) = /m(;3„^+i o /3„^+i o (sf" (x) 1)) = /m((n£ + l)/3„^+i o (sf" 1)) = /mCg*). 
Since (tg)* projects /m(s(*) isomorphically onto i?*(T(5)), and Kg maps i?*(T((7)) isomorphically 
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onto Im{g^,), a, is an isomorphism on mod-p homology. Since T{g) is a summand in the above 
spHtting of which is the p-locahzation of a finite type CM^-complex, a must be a homotopy 

equivalence, and so T{g) is a homotopy retract of Lni+i{X). □ 

Proof of part (ii). We continue where the proof of part (i) left off to avoid redefining things. This 
time we have the added assumption that t < p — 1. Recall € ZpiS'f] is either si, or S£, depending 
on whether Veven = or Vodd = 0. In either case it is well known (and not difficult to see) that 

SgSl = list, 

so one can take the idempotent j^si when i < p — \. The inclusion X'^^^ ^(/sj is therefore a 
homotopy retraction, and since H^,{T{fsJ) = Im{si) is a 1-dimensional submodulc of 1/®"^ whose 
generator has degree M, T{fsi) is homotopy equivalent to the A/-sphere S^'^ . 

Let 7 : X'"^-' -"^ — > ^•nM ^-^q rt-fold smash of I. On mod-p homology 7 induces an isomorphism 
onto Im{sf"'), and so the smash of 7 and the identity on X, 

7A 1 : 

induces an isomorphism onto Im{sf" ® 1). Since the section map T{g) — % defined in 

the proof of part (i) induces an isomorphism onto Im{sf"' ^ 1) on mod-p homology, the composite 
T{g) ^ is an isomorphism on mod-p homology, so it is a homotopy equivalence. 

Thus part (ii) follows from part (i). 

□ 

If the criteria in Proposition (|5.2I) are satisfied. Proposition (|5.2I) together with Theorem (|5.ip 
imply flYiY is a homotopy retract of nT,X. Similarly, when £ < p - 1, rJI]"*^+iX is a homotopy 
retract of flYiX . If both dn^e and c„^i are prime to p, one can iterate Proposition (j5.2p . 

Proposition 5.3. Fix n > and i > I such that ni + 1 is prime to p, and suppose both Cn,i and 
dn,e are prime to p. 

Let X be any suspended p-local CW -complex with dimV^ = £ > I (where V denotes H^{X)), and 
either Vodd = or = 0. Let M denote the sum of the degrees of the generators of V , and 

define the sequence of integers bi^n recursively with ba^n = 0, and 

bi,n = (n£ + l)6j-i,„ +nM. 

Then 

(i) there exist spaces Yi such that ilSli is a homotopy retract ofD,T,X, and H^{Yi) = 
i/,(S'''."X) for each i > 1; 

(ii) if £ < p — 1, then il'S^'-^-'^^X is a homotopy retract of ilYiX for each i > 1. 
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Proof. We will prove part (ii) since part (i) is similar. This is done by induction, with the base 
case being r2I]"*^+^X is a homotopy retract of ftJ^X. This base case holds true since is 
a homotopy retract of Lni+i{X) by Proposition (I5.2p . and by Theorem (|5.ip 57Si„£+i(X) is a 
homotopy retract of ilTiX when ri£ + 1 is prime to p. 

For our inductive assumption, let us assume ftYl^^-^^^X is a homotopy retract of ftJ^X for some i > 

1, and let M' be the sum of the degrees of the generators of H^,{Y]^^-" X). Notice that dimS''' "F = 
dimF = i, and since Vodd = or T4i;en — 0, either {T,^'-^V)odd = or {T,^^-^V)even — 0. Since 
we have an isomorphism H^{'E,^''"X) = Yi^^.^V of graded Z^-modules, and since we are assuming 
that both Cn,e and dn,e are prime to p, by Proposition (|5.2p S"^^ (E^' ^X) is a homotopy retract of 
i„i+i(I]''' "X), Also, because ni+1 is prime to p, by Theorem (15.11) ilY,Lnt+i{^^''"^ X) is a homotopy 
retract of rJE(E*'-"X), so is also a homotopy retract of nY.{Y.''^-" X). Then using 
our inductive assumption, fiS"^^ is a homotopy retract of ilY^X . 

To check that M' has the correct value, let {vi, Vi} be a basis for V and M be the sum of the 
degrees of the generators in this basis. In this case 

M' = J2 iKn + \v^\)=eh^n+M. 

i<i<e 

Thus = £''■+1 "X. This completes the induction. 

□ 

Proof of Theorem IfTJ]) . In Theorem ([O]) we found that ci^i = di^e = + 1)((^ - 1)!) for £ > 1. 
Theorem (|l.ip now follows as a direct consequence of Proposition (|5.3p . □ 

Proof of Theorem il.3]) . Fix p > 5, and let X be any suspended p-local CVF-complex with dim^ = 

2, and either Vodd — or Veve7i ~ 0. Let M denoting the sum of the degrees of the two generators 
of V. 

Let < fci < fc2 < • • • be any sequence satisfying 2ki + 1 is prime to p and 2ki + 1 is not a 
multiple of 2k j + 1 whenever i > j. By Theorem ()5.ip there is a decomposition 

Q,T,X ~ 0Si2fcj+i(-'^) X (Some other space). 
j 

Since 2k j + 1 and Cfe^. ^ = dkj,2 = S'^^ are prime to p for all j, by Proposition (|5.2p S'^^^^X is a retract 
of L2kj+i{X), so in turn fiE'^'^^^+^X is a retract of 51I]i2fcj+i(-'^)- This proves the theorem. □ 

Remark 5.4. There is an analogous decomposition of the 2-cell complex X in Theorem ll.3\) in 
terms of spheres, on the condition that Vodd = 0. In this case it is easy to show L2{X) ~ S**^ 
and L^{X) ~ Repeating this argument starting with in place of X , one can show 

flYiX ~ rii^i ^('^''''^^^) ^ {Some other space) by using Theorem 115. 1\) (where are the integers 
defined in Proposition i5.3\) ). 
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Proof of Theorem U.5\) . Let X be any suspended p-local CVF-complex, and let V denote H^,{X), 
and M be the sum of the degrees of the generators in V. Assume Veven — 0, £ — dim V is even, and 
1 < i < p—1. Let L{V) is the free Lie algebra generated by V, and [L{V),L{V)] the sub Lie algebra 
of L{V) generated by Lie brackets of length greater than one. By the Poincaree-Birkhoff-Witt 
theorem, there is an isomorphism of coalgebras 

T{V)^A{V)^S{[L{V),L{V)]). 

This isomorphism is geometrically realized by Cohen's and Neisendorfer's decomposition (Theo- 
rem (iLil) ') 

nj:x ~ A{x) X nQ{x), 

with H^{A{X)) = A{V) and H^{nQ{X)) ^ S{[L{V), L(y)]). By Theorem 1^ nj:Le+i{X) is a 
homotopy retract of ftJ^X, and the proof of this in [24] indicates the section map ilI]Li^i{X) — > 
fl'EX for this retraction induces the natural inclusion 

oo 

H4nj:Le+i{X)) ~ T{Le+i{V)) = (g) S{U{U+i{V))) C A{V) ® S{[L{V), L{V)]) 

i=l 

into the right-hand factor (where Lj{V) denotes the Zp-submodule of length i Lie brackets in L{V), 
and where the isomorphism follows by the Poincaree-Birkhoff-Witt theorem). Therefore ilY,L^-^-l{X) 
is also a homotopy retract of nQ{X). In turn, f2I]*^+^X is a homotopy retract of riSL£_(-i(X) using 
Proposition (|5.3p . so we obtain a decomposition 

nT,X ~ A{X) X n^^-^+^X X (Some other space). 

Since £ = dim V is even and Veven = 0, Ht{Y,^^ X) ~ Y,^''V has only odd degree generators, so we 
can reapply Cohen's and Neisendorfer's decomposition to Iterating this argument, start- 

ing by taking S^^X in place of X, and using an induction similar to the proof of Proposition ()5.3p . 
we obtain the decomposition 

oo 

rJEX ~ Jl A(S''' iX) X (Some other space), 
where are the integers defined in Proposition (|5.3p . 

□ 

6. An Application to the Moore conjecture 

The p-exponent expp(X) of a space X is defined as the smallest power that annihilates the 
p-primary torsion of 'ni{X) for all i > 0. Spheres, finite iJ-spaces, and mod-p Moore spaces are 
all examples of spaces that have finite p-exponents at odd primes p [H [191 IS] • In the other direc- 
tion, a simply connected wedge S'™ V TiX with YiX rationally non-trivial does not have a finite 
p-exponent jT9j . These isolated examples aside, there is no known general set of criteria for distin- 
guishing spaces that have a finite p-exponent from those that do not. However, a conjecture of Moore 
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suggests that the answer is very simple for finite simply connected CVF-complexes X: expp(X) is 
finite at any prime p if and only if (X) (g) Q is a finite dimensional vector space. When X is a 
suspension it is known that X is rational wedge of spheres, and so in this case the Moore conjecture 
says that expp{X) is finite if and only if dim(iJ, (X; Q)) < 1, 

McGibbon and Wilkerson [7_ were able to give a partial result in one direction of the Moore 
conjecture. They showed that a finite simply connect CW^-complex has a finite p-exponent at 
sufficiently large primes p when it has finite dimensional rational homotopy. This prime p depends 
on the given space. In the other direction Selick 11 showed that a finite simply connected CW- 
complex X has no finite p-exponent whenever X is a suspension, and iJ, is torsion- free of 

rank greater than one. This result was in some sense extended by Stelzer [20l [21] to any finite 
simply connected CVF-complex X , as long as one selects a sufficiently large prime p that depends on 
the dimension and connectivity of X. By combining Stelzer's result with that of McGibbon's and 
Wilkerson's, one sees that the Moore conjecture holds in the sense of sufficiently large primes. 

There also happens to be a stable analogue of the Moore conjecture due to Stanley [TH], which 
has the fortune of being much easier to prove. 

Theorem 6.1 (Stanley). A finite simply connected CW -complex X has a finite p- exponent on stable 
homotopy ■kI{X) if and only if X is rationally trivial. 

Now combining the following proposition with Stanley's theorem, we can recover Selick's work on 
the Moore conjecture when restricted to the spaces in Theorem (|l.ip . 

Proposition 6.2. Take the integers hi and a suspended p-local CW -complex X as in Theorem hl.l]) . 
letting V = H^{X). 1 < dimV^ < p — 1, and either Vodd = or Veven ~ 0. Assume X is (m — 1)- 
connected for some m > 1. Then for each j the stable homotopy group 7r|(SX) is a homotopy retract 
of "Kj+bi (S^) for all i large enough such that j < b-i + 2m. 

Proof By Theorem pTT|) nj:'"+^X is a homotopy retract of nj:X, so Tr^+b^ (E^'^+^X) is a homo- 
topy retract of ^Tj-^-l,.{J^X) for each j. By the Freudenthal suspension theorem TTj+f,; = 
tt^^^^^{J:'>'+^X) for j < b, + 2m, and 7r|^^^ = 7r|(I]X). Thus 7rJ(I]X) is a homotopy retract 
of TTj+b- (EX) when j < bi + 2m. □ 

Thus we see that the stable homotopy groups 7r^(EX) of the space EX in Proposition (|6.2p are 
retracts of tt, (EX). Since EX is rationally nontrivial, ea;pp(7r^(EX)) is infinite by Stanley's theorem. 
So expp(EX) must also be infinite. 

One would hope for some sort of generalization of Theorem ()1.1|) , beyond the restrictions Vodd = 
or Veven = . There are unfortunately many examples where this is impossible. Let X be a wedge 
S'™VP" (p''), where the mod-p Moore space P^ijf) is the cofibre of the degree p'' map S*""^ S^~^. 
Then EX has torsion in its integral homology, but is rationally nontrivial, and the mod-p homology 
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V = H^{X) satisfies Vodd 7^ and Vpven / 0. If Tfieorem applied to tliis space X, tfie p- 

exponent of the stable homotopy groups of ■kI{TiX) would be bounded above by the p-exponent 
of 7r*(EX), and so using Stanley's theorem, expp{YiX) would be infinite. But by application of 
the Hilton-Milnor theorem to ilYiX, and the fact that expp{P^ [p"^)) = p"^^^ independently oi j [9], 
exppCSX) is in fact finite, a contradiction. 
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